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deformation analyses
G.-F. Zhao*,†

Centre for Infrastructure Engineering and Safety, School of Civil and Environmental Engineering, The University of New
South Wales, Sydney, NSW 2052, Australia
SUMMARY

This study develops the distinct lattice spring model (DLSM) for geometrically nonlinear large deformation
problems. The formulation of a spring bond deformation under a large deformation is derived under the
Lagrange framework using polar decomposition. The results reveal that the DLSM’s stiffness matrix under
small deformations is the tangent stiffness matrix of the DLSM under large deformations. The formulation
of the spring bond internal force under a given configuration is also presented and can be used to calculate
the unbalanced force. Using these formulations, three nonlinear solving methods (the Euler method,
modified Euler method, and Newton method) are developed for the DLSM with which to tackle large
deformation problems. To investigate the performance of the developed model, three numerical examples
involving large deformations are presented, the results of which are also in good agreement with the
analytical and finite element method solutions. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Large deformations and geometrically nonlinearity are crucial components of many engineering
problems. Many numerical methods have been developed to tackle the problem of solving them, such
as the finite element method (FEM) [1–8], the boundary element method (BEM) [9–11], the meshless
method [12–14], the Lagrangian integration point FEM [15], the natural element method (NEM) [16],
the local Kriging method [17], the nearest-nodes FEM [18], and the B spline-based method [19].
Various approaches have been developed to implement a numerical method for large deformation
analyses, including the total Lagrangian (TL) approach [1,2,19], the updated Lagrangian (UL)
approach [3,4,14,18], the arbitrary Lagrangian–Eulerian (ALE) technique [5,20], the corotational
approach [8], and the remeshing and interpolation technique with small strain model (RITSS)
method [6]. Each method has its own advantages—for example, the meshless method is free of
meshing requirements (e.g. [12–14]), whereas the RITSS FEM by Hu and Randolph [6] is robust and
easy to implement. It has also been found that different approaches and methods can produce very
similar results (e.g. [14,17,19]), and large-deformation FEM has usually been adopted as the reference
method for benchmarking. The development of a specific numerical method for large deformation
analysis is an essential extension of this method to the area of nonlinear analysis, which can usually be
classified as geometric nonlinearity and material nonlinearity. Large deformation problems may involve
both geometric and material nonlinearity, but this work considers only geometric nonlinearity.
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The lattice spring model (LSM) was originally developed by Hrennikoff [21] to solve continuum
elasticity problems with Poisson’s ratio fixed at 1/3. The model was underdeveloped due to
computational limitations and the subsequent development of the FEM. Furthermore, the LSM’s
Poisson’s limitation has also handicapped its further application because classical LSM can
solve problems only at a fixed Poisson’s value, such as 1/3 in two-dimensional plane-stress cases
and 1/4 in three-dimensional cases. However, due to the LSM’s suitability for fracturing simulations
of solids, many researchers have renewed their interest in this method in recent years. A review of
recent LSM development can be found in [22,23]. The concept of LSM has widely been used for
large deformation problems in computational graphics, such as for hair dynamics simulation [24]
and cloth simulation [25]. These models are called mass-spring models and focus more on realistic
visual effects than realistic mechanical responses. For example, Selle et al. [24] have used a
tetrahedron element with additional hidden springs to represent a single spring bond and produce
realistic bounce-back behaviour in soft material. However, the model considers only the central
interactions between particles, which means the Poisson’s limitation is less important to the
computational graphics but very crucial to the mechanical analysis. Work has also been done on the
mechanical application of the LSM to large deformation problems. For example, Holecek and
Moravec [26] have built a ‘ball-and-spring’ model to represent certain features of hyperelastic
materials, Hou [27] has developed a lattice model to simulate the fracture behaviour of large strain
composites, and Patete et al. [28] have presented a mass-spring model for large deformation
analyses in biomechanics during computer-assisted breast surgeries. Nevertheless, these models have
still considered only the normal spring and central interactions between particles, and maintain the
Poisson’s limitation of Hrennikoff’s model.

This study further develops the distinct lattice spring model (DLSM) [29, 30] for large deformation
analyses. In DLSM, the restriction on the Poisson’s ratio in classical LSM has been solved through a
technique to evaluate spring deformation using the local strain technique rather than the particle
displacements directly. The ability of DLSM to model elastic problems with different Poisson’s
ratios has been verified by many numerical examples. Nevertheless, these examples all involve
small deformations and do not account for the influence of geometric nonlinearity. In this work, the
DLSM is further developed to solve large deformation problems. First, the formulation of a spring
bond deformation under a large deformation is derived using polar decomposition. Next, the tangent
stiffness matrix of the DLSM under a large deformation is proven equal to the stiffness matrix of
the DLSM under a small deformation. Formulations to calculate the internal spring bond force and
unbalanced force are also derived and used to develop three nonlinear solving methods. Finally, the
model is validated by solving three large deformation problems.
2. MODEL

The DLSM was presented as an explicit three-dimensional model for dynamic analysis [29]. The
implicit two-dimensional DLSM was developed for static problems later [30], which is further
developed in this work. The basic principle of DLSM is to represent a material by particles linked
through spring bonds (see Figure 1). In two-dimensional cases, there are two types of spring bond, a
three-particle spring bond (Type-I in Figure 1) and a four-particle spring bond (Type-II in Figure 1).
The bond is made up from one normal spring and one shear spring as illustrated in Figure 1a. The
lattice structure can either use the edge model of a FEM mesh (e.g. [23,30]) or the lattice structure
from a particle model (e.g. [31]). The internal force and strain energy are both stored in the spring
bonds and the spring bond deformation is evaluated from the local strain of the particle cluster. The
spring bond’s displacement function can be obtained by using the shape function of a linear
triangular FEM element or from the moving least square (MLS) over the four particles [30]. In
DLSM, the spring bond deformation under the local coordinate can be written as:

⌢u ¼ un

us

� �
¼ Cu (1)
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Figure 1. Two-dimensional lattice spring model and two bond types: (a) Lattice model based on FEM mesh
and (b) Lattice model from a particle model [31].
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where C is an interpolation matrix that is constant for a given spring bond element (see Figure 1) due to
its being determined by the initial position of the particles in the cluster, ⌢u is the local bond
deformation, un is the bond’s normal deformation, us is the bond’s shear deformation, and u is the
displacement vector of the particles in the cluster. The details of this expression and the derivation
of Equation (1) can be found in [30]. Equation (1) has been derived under a small deformation
assumption and does not consider geometric nonlinearity. The following section presents a more
general formulation with which to consider large deformation.

2.1. Formulation of spring bond deformation under a large deformation

As shown in Figure 2a, assume a spring bond is embedded in a cube. According to polar decomposition,
a general deformation can be decomposed into a rigid rotation ω and an objective Cauchy strain term

ε̂x; ε̂y; ε̂xy
� �T

[32]. The objective Cauchy strain indicates that the strain is rigidly rotationally invariant;
that is, the Cauchy strain is evaluated after removing all the rigid rotation of a deformation. Here, a
general deformation is applied to the cube in a sequential manner. First, a rigid rotation ω is applied
to the cube (see Figure 2b). For a given point (x0,y0)T in the cube, its new position becomes:

x1

y1

 !
¼ cosω � sinω

sinω cosω

� �
x0

y0

 !
(2)

Next, a rigid translation (u0,v0)
T is applied to the cube and the new position of the point (x0,y0)T can

be given as:

x2

y2

 !
¼ x1

y1

 !
þ u0

v0

� �
(3)

Under the rotated configuration x̂ � ô � ŷ (see Figure 2c), a Cauchy strain deformation ε̂x; ε̂y; ε̂xy
� �

is
applied to the cube that causes the point to have the displacement:

û

v̂

� �
¼ x̂0 0

0 ŷ0

 !
ε̂x
ε̂y

� �
þ ŷ0

x̂0

 !
ε̂xy (4)

The corresponding displacement at the original coordinate (see Figure 2a) can be expressed as:
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Figure 2. Deformation of a cube unit with a bond connecting two particles: (a) initial state, (b) intermediate
state after rigid rotation, (c) intermediate state after rigid translation, and (d) final state.
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u

v

� �
¼ cosω sinω

� sinω cosω

� �
û

v̂

� �
(5)

Combining Equations (2), (3), and (5), the final position of the point (x0,y0)T is:

x3

y3

 !
¼ cosω � sinω

sinω cosω

� �
x0

y0

 !
þ cosω sinω

� sinω cosω

� �
x̂0 0

0 ŷ0

 !
ε̂x
ε̂y

� �
þ ŷ0

x̂0

 !
ε̂xy

 !
þ u0

v0

� �
(6)

Because the rigid rotation cannot change the relative position of a point inside the cube, we have
x̂0; ŷ0ð Þ≡ x0; y0ð Þ. Therefore, Equation (6) can be rewritten as:

x3

y3

 !
¼ cosω � sinω

sinω cosω

� �
x0

y0

 !
þ cosω sinω

� sinω cosω

� �
x0 0

0 y0

 !
ε̂x
ε̂y

� �
þ y0

x0

 !
ε̂xy

 !
þ u0

v0

� �
(7)
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Finally, the displacement of the point (x0,y0)T under the original coordinate is:

u3

v3

 !
¼

cosω � sinω

sinω cosω

 !
x0

y0

 !
þ

cosω sinω

� sinω cosω

 !
x0 0

0 y0

 !
ε̂x

ε̂y

 !
þ

y0

x0

 !
ε̂xy

 !
þ

u0

v0

 !
�

x0

y0

 !

¼
cosω� 1 � sinω

sinω cosω� 1

 !
x0

y0

 !
þ

cosω sinω

� sinω cosω

 !
x0 0

0 y0

 !
ε̂x

ε̂y

 !
þ

y0

x0

 !
ε̂xy

 !
þ

u0

v0

 !

(8)

Now, the relative displacement (or spring bond deformation) between two particles A and B in the
cube can be calculated as:

uAB

vAB

 !
¼

cosω� 1 � sinω

sinω cosω� 1

 !
xA � xB

yA � yB

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

rigid rotation term

þ

cosω sinω

� sinω cosω

 !
xA � xB 0

0 yA � yB

0
@

1
A ε̂x

ε̂y

0
@

1
Aþ

yA � yB

xA � xB

0
@

1
Aε̂xy

0
@

1
A

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
deformation term

(9)

Due to the fact that the rigid rotation cannot cause strain energy in the cube, the spring bond
deformation between two particles that can produce the internal force needed for strain energy is:

⌢u ¼
⌢u AB

⌢v AB

 !
¼ cosω sinω

� sinω cosω

� �
xA � xB 0

0 yA � yB

 !
ε̂x
ε̂y

� �
þ yA � yB

xA � xB

 !
ε̂xy

 !
(10)

Equation (10) is the formulation for a spring bond deformation under a general deformation.
Because the spring bond can have a very large deformation, the normal direction of the spring may
totally be different from the initial direction. Therefore, unlike in the small deformation case, large
deformation analyses should use the normal direction of the deformed spring bond, which is written as:

n3 ¼ n3x
n3y

 !
¼

x3A � x3B
l3

y3A � y3B
l3

0
BB@

1
CCA (11)

The normal deformation of the spring bond can be calculated as:

un ¼ n3x ; n
3
y

� � ⌢u AB

⌢v AB

 !
(12)

While the shear deformation is:

us ¼ �n3y ; n
3
x

� � ⌢u AB

⌢v AB

 !
(13)

For a given deformation, the rigid rotation ω and the objective Cauchy strain ε̂x; ε̂y; ε̂xy
� �T

can be
obtained by polar decomposition. The deformation gradient matrix is:
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:1078–1100
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F ¼
1þ ∂u

∂x
∂u
∂y

∂v
∂x

1þ ∂v
∂y

0
BB@

1
CCA ¼ a b

c d

� �
(14)

The rigid rotation matrix of the right polar decomposition over F can be written as:

Q ¼ cosω sinω

� sinω cosω

� �
¼ a b

c d

� �
þ sign ad þ bcð Þ d �c

�b a

� �
(15)

The symmetric matrix U (deformation gradient matrix removed rigid rotation) can be obtained as:

U ¼ QTF ¼ e f

f h

� �
(16)

The objective Cauchy strain ε̂x; ε̂y; ε̂xy
� �T

can be calculated as:

ε̂x
ε̂y
ε̂xy

0
B@

1
CA ¼

e� 1

h� 1

f

0
B@

1
CA (17)

For a given deformation, the normal and shear spring deformation can now be calculated from
Equations (10) to (17).

2.2. Tangent stiffness matrix

The spring bond deformation under a general deformation can be written in a form similar to that of
Equation (1). According to Equations (10) to (13), the general deformation of the bond can be
represented as

⌢u ¼
un

us

 !
¼

n3x n3y

�n3y n3x

0
@

1
A cosω sinω

� sinω cosω

 !
xA � xB 0 yA � yB

0 yA � yB xA � xB

 ! ε̂x

ε̂y

ε̂xy

0
BB@

1
CCA

¼
n3x n3y

�n3y n3x

0
@

1
A cosω sinω

� sinω cosω

 !
xA � xB 0 yA � yB

0 yA � yB xA � xB

 !
C0 uð Þu ¼ C uð Þu

(18)

where C(u) is the interpolation matrix that accounts for geometric nonlinearity. The interpolation
matrix cannot be determined by the initial position of the particle cluster, but rather requires the
displacement of the particles.

Assume the material property does not change under the deformation (a pure geometric nonlinear
problem) and the spring stiffness remains constant during the calculation. In DLSM, each spring
bond is made up of one normal spring and one shear spring. The spring stiffness matrix at the local
coordinate is written as:

Kbond ¼
kn 0

0 ks

� �
(19)

where kn is the normal stiffness and ks is the shear stiffness. The relationship between the spring
parameters and the macro elastic constants, or Young’s modulus and Poisson’s ratio, is given as:
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:1078–1100
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1084 G.-F. ZHAO
kn ¼ 2E
α2D 1� νð Þ (20)

and:

ks ¼ 2 1� 3νð ÞE
α2D 1� ν2ð Þ (21)

for plane-stress problems and:

kn ¼ 2E
α2D 1þ νð Þ 1� 2νð Þ (22)

and:

ks ¼ 2 1� 4νð ÞE
α2D 1þ νð Þ 1� 2νð Þ (23)

for plane-strain problems, where E is the Young’s modulus, v is the Poisson’s ratio, and α2D is a lattice
coefficient. Given the geometric data of the lattice spring model, α2D is calculated as:

α2D ¼ ∑Nb
i¼1l

2
i

A
(24)

where li is the original length of the ith bond, Nb is the number of spring bonds, and A is the total area
of the lattice model. Equations (20) to (24) were derived based on the energy equivalence principle.
Further details on the derivation can be found in the Appendix B of [27].

The strain energy stored in the spring bond is:

Πb ¼ 1
2
⌢u TKbond

⌢u ¼ 1
2

C uð Þuð ÞTKbondC uð Þu (25)

The total energy in the bond can then be written as:

Π ¼ Πb þ Πf ¼ 1
2

C uð Þuð ÞTKbondC uð Þu� f uð ÞTu (26)

where Πf is the virtual work done by the external force and f(u) is the external force vector of the
particles.

According to the energy minimisation principle, we have:

Π
∂ui

¼ C uð Þ u
∂ui

þ C uð Þ
∂ui

u
� �T

KbondC uð Þu� f uð ÞT u
∂ui

þ f uð ÞT
∂ui

u

 !
¼ 0 (27)

Let the general stiffness matrix be:

K̂ ¼ C uð Þ u
∂ui

þ C uð Þ
∂ui

u
� �T

KbondC uð Þ (28)

and the general force term be:

f̂ ¼ f uð ÞT u
∂ui

þ f uð ÞT
∂ui

u ¼ f uð Þ þ f uð Þ
∂ui

u (29)
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:1078–1100
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Then, Equation (27) can be written as:

K̂u ¼ f̂ (30)

which is the classical form of the system equations in a numerical method. Figure 3 illustrates the
physical meaning of Equation (30), where the x axis represents the position vector of the geometric
model and u is the deformation vector. It can be seen that K̂ is the secant stiffness matrix. As
shown in Figure 3, when u→ 0, K̂ is equal to the tangent stiffness matrix. We now prove that
K̂
		
u→0 is the same in the DLSM’s stiffness matrix under a small deformation.
First, u→ 0 indicates that the deformation and rigid rotation ω are small. Applying the first-order

Tarler expansion of ω over cos(ω) and sin(ω) gives:

cos ωð Þ ¼ cos 0þ ωð Þ≈ cos 0ð Þ þ � sin 0ð Þð Þω ¼ 1 (31)

sin ωð Þ ¼ sin 0þ ωð Þ≈ sin 0ð Þ þ cos 0ð Þð Þω ¼ ω (32)

Substituting Equations (31) and (32) into Equation (9), we have:
uAB

vAB

 !
¼

0 �ω

ω 0

 !
xA � xB

yA � yB

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

rigid rotation term

þ
1 ω

�ω 1

 !
xA � xB 0

0 yA � yB

 !
ε̂x

ε̂y

 !
þ

yA � yB

xA � xB

 !
ε̂xy

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deformation term

¼ ω
0 �1

1 0

 !
xA � xB

yA � yB

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

rigid rotation term

þ
1 0

0 1

( )
xA � xB 0

0 yA � yB

 !
ε̂x

ε̂y

 !
þ

yA � yB

xA � xB

 !
ε̂xy

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deformation term

þω
0 1

�1 0

( )
xA � xB 0

0 yA � yB

 !
ε̂x

ε̂y

 !
þ

yA � yB

xA � xB

 !
ε̂xy

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deformation term O2ð Þ

(33)
Figure 3. Secant and tangent stiffness of the DLSM under a large deformation.
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For small deformations, the final term is an O2 term and Equation (33) can be further written as:

uAB

vAB

 !
¼

1 0

0 1

 !
xA � xB 0

0 yA � yB

 !
ε̂x

ε̂y

 !
þ

yA � yB

xA � xB

 !
ε̂xy

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deformation term

þω
0 �1

1 0

 !
xA � xB

yA � yB

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

rigid rotation term

¼
xA � xB 0

0 yA � yB

 !
ε̂x

ε̂y

 !
þ

yA � yB

xA � xB

 !
ε̂xy|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deformation term

þ
� yA � yBð Þ
xA � xB

 !
ω

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
rigid rotation term

(34)

When u→ 0, the rigid rotation is close to zero, so the objective Cauchy strain ε̂x; ε̂y; ε̂xy
� �

→ εx; εy; εxy
� �

.
Equation (34) can then be written as:

u AB

vAB

 !
¼ xA � xB 0

0 yA � yB

 !
εx
εy

� �
þ yA � yB

xA � xB

 !
εxy|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

deformation term

þ � yA � yBð Þ
xA � xB

 !
ω

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
rigid rotation term

(35)

By removing the rigid rotation term, the spring bond deformation can be written as:

u AB

v AB

( )
¼ xA � xB 0

0 yA � yB

( )
εx
εy


 �
þ yA � yB

xA � xB

( )
εxy ¼

εx εxy
εxy εy


 �
xA � xB

yA � yB

( )
(36)

This equation can be further written in a vector form as:

u ¼ ε½ ��nl (37)

where n is the normal direction of the original spring bond and l is the length of the original spring bond.
The above equation is the DLSM formulation under small deformations [30]. Therefore, we have:

C uð Þju→0 ¼ C (38)

The corresponding tangent stiffness matrix can then be written as:

K½ � ¼ K̂
� 
		

u→0
¼ CTKbondC (39)

which is the stiffness matrix of the DLSM under small deformations.

2.3. Internal spring bond force and unbalanced particle force

Assuming a general displacement field is given, the internal spring force of a bond can be calculated as:

⌢
f

inter ¼ f n

f s

� �
¼ kn 0

0 ks

� �
un

us

� �
(40)
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This force can be further transformed into a model coordinate as:

f inter ¼ f x
f y

 !
¼ f n

n3x
n3y

 !
þ f s

�n3y

n3x

 !
(41)

The spring bond deformation can be calculated using Equations (11) to (13). However, this process
involves complex computations and is targeted mainly at deriving the tangent stiffness matrix in
section 2.2. A simplified formulation based on a vector operation is described here.

As shown in Figure 2, the vector of the original spring bond is
→
AB0 ¼ x0B � x0A; y

0
B � y0A

� �
, while that of the

current configuration is
→
AB3 ¼ x3B � x3A; y

3
B � y3A

� �
and the vector of the rigid rotated spring bond is

→
AB2

T
¼

cosω sinω

� sinω cosω

� � →
AB0

T

¼ cosω sinω

� sinω cosω

� �
x0B � x0A
y0B � y0A

 !
. Then, the deformation of the spring bond

can be written as:

uAB

vAB

 !
¼→ΔAB3

T
¼→AB3

T
�→AB2

T
¼ x3B � x3A

y3B � y3A

 !
� cosω sinω

� sinω cosω

� �
x0B � x0A
y0B � y0A

 !
(42)

The spring bond deformation can now be obtained using Equation (42) together with Equations (11)
and (20). The internal spring force is illustrated in Figure 4. Because both the normal and shear springs
are used, the spring force is not central (see Figure 4). As shown in Figure 4, the unbalanced force on
the particle is:

fun ¼ fextern � f inter (43)

Equation (43) applies only to a particle with a single spring bond. For a lattice network model, the
total unbalanced force can be calculated as:

fun ¼ ∑
Γ
fextern �∑

Nb

f inter (44)

where Γ represents the model boundary and Nb represents the model’s spring bonds.
Figure 4. Internal force of a deformed bond and unbalanced force at a particle.
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2.4. Nonlinear solution methods

A large deformation DLSM is used to solve Equation (30), which is nonlinear. Many solution methods
exist for a nonlinear equation, but this study adopts three classical methods: the Euler method, the
modified Euler method, and the Newton method.

The Euler method is the simplest method of solving nonlinear problems. Figure 5 shows the basic
principle of the Euler method. The first step is to divide the load into N steps. For each calculation
step, the incremental displacement is calculated using the tangent stiffness matrix. The first step is
calculated as:

Δu0 ¼ K x0ð Þ�1f
1
N
f; x0

� �
(45)

where f is the loading vector, which is not changed by model deformations such as the application of
pressure on the boundary.

The following steps (1 to N� 1) are calculated as:

Δui ¼ K x0 þ ∑
i�1

j¼0
Δuj

 !�1

f
1
N
f; x0 þ ∑

i�1

j¼0
Δuj

 !
(46)

leading to a solution of:

u ¼ ∑
N�1

i¼0
Δui (47)

The Euler method is actually used to solve large deformations through a number of small
deformation analyses. The RITSS method for FEM [6, 7] can be regarded as an example of the
Euler method. The main advantages of this method are its robustness and simple implementation.
However, it requires regular updating of the computational mesh and the corresponding stiffness
matrix from conventional small strain analysis, and is a less precise method that may cause some
errors in extremely large deformation analyses. These shortcomings will be discussed in the
numerical example section of this paper. What follows is a discussion of an improved algorithm
called the modified Euler method.

Figure 6 shows the basic principle of the modified Euler method. The first step is calculated as:

Δu0 ¼ K x0ð Þ�1f
1
N
f; x0

� �
(48)
Figure 5. Euler method.
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Figure 6. Modified Euler method.
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Δu0 ¼ K x0 þ Δu0
2

� ��1

f
1
N
f; x0 þ Δu0

2

� �
(49)

The following steps are calculated as:

Δui ¼ K x0 þ ∑
i�1

j¼0
Δuj

 !�1

f
1
N
f; x0 þ ∑

i�1

j¼0
Δuj

 !
(50)

Δui ¼ K x0 þ ∑
i�1

j¼0
Δuj þ Δui

2

 !�1

f
1
N
f; x0 þ ∑

i�1

j¼0
Δuj þ Δui

2

 !
(51)

The modified Euler method requires the solving of two linear equations per calculation step. The
solution can also be obtained from Equation (42).

The third solution method is called the Newton method or variation stiffness method. Figure 7
shows the principle of the Newton method. The first step calculation is:

Δu0 ¼ K x0ð Þ�1f x0ð Þ (52)

For the ith step calculation, the unbalanced force is calculated as:

fun x0 þ ∑
i�1

j¼0
Δuj

 !
¼ fext x0 þ ∑

i�1

j¼0
Δuj

 !
� f inter x0 þ ∑

i�1

j¼0
Δuj

 !
(53)

The displacement increment is:

Δui ¼ αK x0 þ ∑
i�1

j¼0
Δuj

 !�1

fun x0 þ ∑
i�1

j¼0
Δuj

 !
(54)

where α is a linear search coefficient that is used for convergence in the Newton method, the default
value of which is 1.0 in this work.
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Figure 7. Newton method.
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3. NUMERICAL EXAMPLES

In this section, examples of large deformation problems are solved using the developed lattice spring
model. The results are compared with analytical solution and those obtained from the commercial FEM
code ANSYS.
3.1. Beam bending under single point loading

The first example is a cantilever beam subject to a concentrated load problem. This is a classical
benchmark problem used to test different numerical methods on large deformation analyses (e.g.
[12–14]). Figure 8 shows the geometry and boundary conditions of this beam bending problem. The
beam is of length L= 10 m and height H= 1 m. The left side of the beam is fixed in both the x- and
y-directions. A concentrated load is applied at the top-left corner of the beam. The elastic constants
of the beam, the Young’s modulus and Poisson’s ratio, are 1.0 GPa and 0.0, respectively, while the
lattice size is 0.20 m. The analytical solution accounting for geometrical nonlinearity can be
found in [33]. FEM solutions are obtained in ANSYS using triangular elements with a mesh size of
0.20 m. Figure 9 shows the results predicted by the analytical solution [32], the FEM (ANSYS)
[34], and the large deformation DLSM using different solution methods. The results indicate that the
DLSM, FEM, and analytical solutions are in good agreement and that the developed model is
capable of solving large deformation problems. Figure 10 shows the deformed configurations of the
DLSM under small and large deformation analyses. During the small deformation analysis
(Figure 9a), the beam undergoes a relatively larger deflection in which the maximum y-direction
displacement is 9.175 m. On the other hand, the maximum y-direction displacement of the large
deformation DLSM is 7.098 m. Figure 9 shows that the large deformation analysis gives an accurate
and reasonable displacement/deformation result, not results that are larger than that obtained from
the small deformation analysis.

The analytical solution and a high-resolution FEM solution for the problem are used here as a
reference for the convergence analysis of the developed large deformation DLSM, while an FEM
model with a mesh size of 0.05 m is solved using FEM (ANSYS) in which the concentrated load is
taken as 3000 kPa. The y-direction displacement along the bottom line of the beam is recorded and
Figure 8. Geometry and boundary conditions of a cantilever beam subject to a concentrated load.
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Figure 9. Large deflection analysis of a cantilever beam subjected to a concentrated load— results predicted
by the analytical solution, FEM (ANSYS), and DLSM.

Figure 10. Deformed configurations (contour plot of y-direction displacement) predicted by DLSM: (a)
small deformation analysis and (b) large deformation analysis.
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three DLSM models with lattice sizes of 1.00 m, 0.50 m, and 0.20 m are used to solve the problem. The
corresponding results of the DLSM and high-resolution FEM are plotted in Figure 11, which indicates
that the DLSM solution quickly converges with the high-resolution FEM solution and the analytical
solution with decreasing lattice size.

As shown in Figure 9, the different nonlinear solution methods produce slightly different solutions.
To analyse the performance of these methods, the FEM (ANSYS) is used as the reference solution and
the DSLM’s percentage error is calculated as:

Err ¼ uDLSM � uFEM
		 		

uFEMj j � 100% (55)

where uDLSM is the top-left corner displacement calculated by DLSM and uFEM is the value obtained
using FEM (ANSYS). Table I lists the error of the DLSM calculated with different nonlinear
solution methods for the beam bending problem, and indicates that the calculation error decreases as
the load parameter increases for different nonlinear solution methods. The Euler method, modified
Euler method, and Newton method produce very similar solutions when the load parameter is large,
a difference that is apparent when the load parameter is small. These results show that the DLSM
may be more suitable for large deformation analysis than small deformation analysis. The reason is
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:1078–1100
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Figure 11. y-direction displacement along the bottom line of the beam predicted by the DLSM at different
lattice sizes.

Table I. Numerical errors (%) of the DLSM when using different nonlinear solution methods compared with
FEM (ANSYS) for the beam bending problem.

Load parameter k=Pl2/EI

0.12 0.60 1.20 1.80 2.40 3.00 3.60

Euler method 19.14 17.90 13.14 7.00 3.29 0.91 4.09
Modified Euler method 19.14 17.90 13.23 7.20 3.60 0.44 3.45
Newton method 7.25 7.37 3.08 7.01 4.43 3.78 3.43
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that the DLSM has fully considered the influence of the rigid body rotation, which might become the
dominant influence factor when the deformation is large (e.g. the beam bending problem).

To further examine the convergence of the different solution methods, the displacement of the
beam’s top-left tip under a concentrated load of 3000 kPa is compared to the total calculation steps.
The results are listed in Table II and show that the results obtained from the different nonlinear
solution methods achieve convergence as the total calculation steps increase. Here, the modified
Euler method is the fastest at achieving convergence, requiring 20 steps. The Euler method is the
worst and does not achieve convergence after 1000 steps (see Table II). The Newton method
converges within 50 steps, placing its performance between that of the Euler and modified Euler
methods. The displacement solutions obtained from the three methods are nearly identical in this
example, with only a 0.06% difference between them that can be ignored for most applications. This
result may be the reason why the Euler approach has been used to analyse large deformations in
many practical applications like offshore foundations [6, 7]. However, because the Euler method
does not check the final equilibrium condition during calculation, it may introduce large
accumulated errors in extremely large deformation analyses. The following section presents a more
challenging example to address this problem.
Table II. Vertical displacement at the beam’s loading point obtained using DLSM with different nonlinear
solution methods for the beam bending problem.

Total calculation steps

2 5 10 20 30 40 50 100 1000

Euler method 0.9210 0.8011 0.7547 0.7320 0.7245 0.7208 0.7186 0.7143 0.7103
Modified Euler method 0.7355 0.7116 0.7101 0.7099 0.7099 0.7099 0.7099 0.7099 0.7099
Newton method 0.9325 0.6649 0.7884 0.7151 0.7102 0.7099 0.7098 0.7098 0.7098
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3.2. Cantilever beam subjected to an end moment

Figure 12 illustrates the problem of a cantilever beam to which a moment is applied at the end. The
analytical solution is provided by Pai and Palazotto [35], who have reported that the initially straight
cantilever is bent into a circular arc when the moment satisfies:

M ¼ 2πEI
l

(56)

whereM is the applied moment, E is the beam’s elastic modulus, I is the area moment of inertia, and
l is the length of the beam. The lattice model used in this example is shown in Figure 12. The beam’s
length l = 200 m and height h = 10 m, and the lattice size is 0.25 m. The material properties include
an elastic modulus E = 5 GPa and Poisson’s ratio v = 0.0. The left side of the beam is fixed in both the
x- and y-directions. Two opposite pressures are applied at the right side of the beam to produce a
moment in it. From Equation (56), the applied pressure p = 532.6 MPa, which is calculated as:

p ¼ 2πEh
3l

(57)

FEM (ANSYS) is used to solve the problem, but cannot achieve a converged solution. Figure 13
shows the final configuration for this beam moment bending problem obtained by ANSYS and
shows that ANSYS cannot achieve a circular arc as expected, which may be due to the fact that the
default nonlinear solver setting does not account for such extremely large deformation cases or the
approximation of the rigid rotation in ANSYS [34, 36]. However, details on the reason for
Figure 12. Geometry and boundary conditions of a cantilever beam subjected to an end moment.

Figure 13. Deformed configuration of the beam moment bending problem predicted by FEM (ANSYS).
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ANSYS’s failure are outside the scope of this paper. The large deformation DLSM is instead used to
solve this problem, and the unbalanced force during calculation is reported here. An index is used to
present the equilibrium condition of each calculation step and is called the ratio of unbalanced force:

Run ¼ max fext � f inter
		 		� �

max fextj jð Þ (58)

where fext is the external force at the calculation step and finter is the internal force of the lattice network
at the calculation step.

Figure 14 shows the results obtained using DLSM with the Euler method. The final configuration is
closer to a circular arc than that in Figure 13. The ratio of unbalanced force during the calculation is
shown in Figure 15, which shows that the ratio of unbalanced force is large for the Euler method,
with a final value of 86.71%. Fortunately, the unbalanced force is not accumulated during the
Figure 14. Deformed configuration of the beam moment bending problem obtained by DLSM with the
Euler method.

Figure 15. Curve of the ratio of unbalanced force for the beam moment bending problem predicted by the
DLSM using the Euler method.
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calculation. Figures 16 and 17 show the results obtained with the modified Euler method and the
history curve for the ratio of unbalanced force during calculation, and show that the modified Euler
method generates a very similar configuration to that of the Euler method. However, the final ratio
of unbalanced force for the modified Euler method is 40.45%. Figures 18 and 19 show the results
obtained using the Newton method. The final deformed shape is close to a circle and the final ratio
of unbalanced force is 0.14% (α= 0.1). This example indicates the importance of minimising the
unbalances force in this problem.

3.3. Rectangle framework subjected to compression

In the previous examples, in order to compare with analytical solutions, the Poisson’s ratios are taken
to be zero. In this section, a more complex example is presented. Figure 20 shows the geometry, the
loading condition, and the lattice model for the problem. The elastic constants are elastic modulus
E= 25GPa and Poisson’s ratio v = 0.2. Results of FEM (ANSYS), DLSM (small deformation), and
Figure 16. Deformed configuration of the beam moment bending problem obtained by DLSM with the
modified Euler method.

Figure 17. Curve of the ratio of unbalanced force for the beam moment bending problem predicted by the
DLSM using the modified Euler method.
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Figure 18. Deformed configuration of the beam moment bending problem obtained by DLSM with the
Newton method.

Figure 19. Curve of the ratio of unbalanced force for the beam moment bending problem predicted by the
DLSM using the Newton method.

1096 G.-F. ZHAO
the DLSM for large deformation are presented in Figure 21. Again, good match between the results by
FEM (ANSYS) and the DLSM for large deformation. The coupled modified Euler and Newton method
is adopted in this example. The problem would first be calculated using the modified Euler method and
then by the Newton method to minimise the unbalanced force. A total of 20 cycles (10 for modified
Euler and 10 for Newton method, α = 1.0) are used to get the convergence. The results of small
deformation DLSM are much less than the results predicted by FEM (ANSYS) (see Figure 25). This
problem is similar to the concrete/steel support design for underground structures. The serviceability
of support structure is mainly controlled by the maximum deformation. From this example, it shows
that the small deformation analysis produces a very smaller value; thus, it may provide an unsafe
design. Moreover, force chain of the problem predicted by the DLSMs for small and large
deformation analysis is presented in Figure 22, respectively. The maximum compressive and tensile
force for the large deformation DLSM is much higher than these by the small deformation DLSM.
Therefore, for the strength/safety design, the small deformation analysis may also lead in an over
optimistic design. This example reaffirmed the importance of large deformation analysis.
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:1078–1100
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Figure 20. Geometry and boundary conditions for a rectangle framework under compression.

Figure 21. The y-direction displacement along the line 1–1 of the rectangle framework predicted by FEM
(ANSYS), the DLSM for small deformation [30], and DLSM with coupled modified Euler and Newton

method for large deformation analysis.
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Besides the LSM has advantage on fracturing simulations of solid, compared with the classical FE
method, they are also very straightforward for implementation and understanding. For instance, the FE
method usually adopted the second Piola–Kirchoff stress tensor in large deformation analysis while the
LSM can still use the same definition of spring force. There are also some practical problems that have
to consider both the fracturing and large deformation, e.g. the failure of rock strata and underground
structure in deep mining. However, the LSM is also not perfect. One of the main shortcomings is
the insufficient development of advanced constitutive model. Nonlinear springs can be used in LSM
to describe the nonlinear behaviour of materials. However, it was found that the ratio of
compressive strength to tensile strength predicted by LSM with nonlinear spring is still much lower
than that of rock materials (typically around 10–12) [37]. Therefore, to further develop local
complex bond constitutive model for LSM is essential to realistically model the nonlinear behaviour
of materials such as soil and rock.
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:1078–1100
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Figure 22. Force chain for the rectangle framework problem predicted by the DLSM for small deformation
[30] and the DLSM for large deformation analysis: (a) the DLSM for small deformation [30] and (b) the

DLSM with coupled modified Euler and Newton method.
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4. CONCLUSIONS

This paper presents a large deformation LSM, the spring bond deformation of which under large
deformations is derived using polar decomposition. Next, the stiffness matrix under large
deformations is derived. The tangent stiffness matrix is further proven to be equal to the stiffness
matrix under small deformations. Three different nonlinear solution methods are proposed based on
these processes and two well-known benchmark problems are calculated using the proposed model.
The results show that the model is capable of solving large deformation problems. The
performances of different nonlinear solution methods are also investigated. The Euler method is
simple to implement but computationally inefficient. The Newton method is the most precise, while
Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:1078–1100
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the modified Euler method is the most robust. A combination of the modified Euler and Newton
methods can result in better performance.
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